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Abstract. We give a new construction of symbols of the differ- 
ential operators on the sections of a quantum line bundle L over 
| a Kahler manifold M using the natural contravariant connection 

on L. These symbols are the functions on the tangent bundle TM 
polynomial on fibres. For high tensor powers of L, the asymptotics 
■ of the composition of these symbols leads to the star product of 

. a deformation quantization with separation of variables on TM 

corresponding to some pseudo-Kahler structure on TM. Surpris- 
ingly, this star product is intimately related to the formal sym- 
plectic groupoid with separation of variables over M. We extend 
the star product on TM to generalized functions supported on the 
zero section of TM. The resulting algebra of generalized functions 
contains an idempotent element which can be thought of as a nat- 
ural counterpart of the Bergman projection operator. Using this 
I/"") \ idempotent, we define an algebra of Toeplitz elements and show 

^sO ■ that it is naturally isomorphic to the algebra of Berezin- Toeplitz 

C*") \ deformation quantization on M. 

o 
vo 
o 

^ ■ 1. Introduction 



Deformation quantization of a Poisson manifold (M, {•,•}) is an as- 
sociative algebra structure on the space C°°(M)[u~ 1 , u]\ of formal func- 
tions on M with the product (named the star product) 

oo 

(i) 0*v = 5> r a(0^), 

r=0 

where C r are bidifferential operators on M such that 

C o (0,V) = ^ and d(0,V) - CiftM) = 

Here we use the following definition of formal vectors. Given a vector 
space V, we denote by V\u~ x , u]] the space of formal Laurent series of 
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the form 

v = v T v r , 

r>n 

where v r G V and n is possibly negative, and call its elements formal 
vectors. We assume that the unit constant 1 is the unity of the star 
algebra (C 00 (M)[z/ _1 , f]],*). Two star products *i and *2 are called 
equivalent if there exists a formal differential operator B — 1 + vB\ + 
v 2 B 2 + • • • such that 

= B- x {B(j)* 2 Btp) 

for any formal functions <p,ip G C 00 (M)[z/ _1 , z/]]. A star product can be 
localized to any open subset U C M. 

Deformation quantization of Poisson manifolds was introduced in the 
seminal work £Q . The existence and classification of deformation quan- 
tizations on the symplectic manifolds were established in a number of 
papers (see [ID], H21 , [2S1 , HU , 0, [231, 01 , |2H1 ) Kontsevich showed 
the existence and gave the classification of deformation quantizations 
on an arbitrary Poisson manifold in [22]- 

The concept of a star product is related to the notion of operator 
symbols and their composition. A star product <f>-kip can be thought 
of as the asymptotic expansion of a family of symbol products (ft *h4> 
depending on a small parameter h as h — > 0, where the asymptotic pa- 
rameter h is replaced with the formal parameter v. For instance, this 
way one obtains Moyal deformation quantization from the composition 
of Weyl symbols. In some cases the space of /i-dependent operator sym- 
bols does not carry a natural symbol product, but the symbol-operator 
correspondence has a well-defined classical limit as h — > which allows 
to define a star product (see [E],j2Hl)- The examples of star products 
related to symbols are mostly obtained from covariant and contravari- 
ant symbols on Kahler manifolds, introduced by Berezin (see j2], 0, 
0, 0, |23, CH, 0, EH, EH)- These star products on Kahler mani- 
folds enjoy a special property that the bidifferential operators C r in (Q) 
differentiate their first argument in holomorphic directions and the sec- 
ond argument in antiholomorphic ones or vice versa. The deformation 
quantizations with this property are called deformation quantizations 
with separation of variables or of the Wick type (see , [HI , [2Z] ) • It 
was shown in jTB] that all deformation quantizations with separation 
of variables on a Kahler manifold can be explicitly constructed and bi- 
jectively parameterized by the formal deformations of the Kahler form 
(see also 
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In this paper we consider a formal model of the construction of 
Berezin-Toeplitz quantization (see [2B])- Berezin-Toeplitz quan- 
tization on a compact Kahler manifold M uses the following data. Let 
L be a quantum line bundle on M (see the details in the main body of 
the paper). Denote by the orthogonal projector onto the space of 
holomorphic sections of L® N , the iV-th tensor power of L (the Bergman 
projector). To a given function <fi 6 C°°(M) there corresponds the 

Toeplitz operator = otfio on the sections of L® N (h ere o 
denotes composition of operators). The function <p is then called a con- 
travariant symbol of the operator T{ N \ The symbol-operator mapping 

<p i— > is not injective and therefore there is no natural product of 
contravariant symbols. However, one can extract a star product from 
the asymptotics of the Toeplitz operators as iV — > oo. It was proved 
in [2H] that there exists a unique deformation quantization (JTJ on M, 
the Berezin-Toeplitz deformation quantization, such that for each k 

I \ T (N) T (N) _ J_ T (N) 1 1 _ n f J_\ 

r=0 V 7 

In j2I] the Berezin-Toeplitz deformation quantization was completely 
identified. It was shown that the deformation quantization with the 
opposite star product is a deformation quantization with separation of 
variables whose characterizing formal deformation of the Kahler form 
was explicitly calculated. 

In this paper we define symbols of the differential operators on the 
sections of L®^ and study the corresponding symbol product *i/n- 
These symbols are the fibrewise polynomial functions on the tangent 
bundle TM. The asymptotic expansion of the symbol product *im as 
N —>■ oo leads to the star product * of a deformation quantization with 
separation of variables on the tangent bundle TM endowed with some 
pseudo-Kahler structure. It is not clear how to extend the symbols 
of differential operators introduced in this paper to wider classes of 
operators that would include, in particular, the Bergman projector 
However, one can expect from semiclassical considerations that, 
as iV — > oo, such a symbol of might have a well-defined limit which 
would be a generalized function supported at the zero section Z of the 
tangent bundle TM. We show that the star product * can be naturally 
extended to a class of generalized functions supported at Z and that 
this class contains an idempotent element. Using this idempotent, one 
can define an algebra of Toeplitz elements. We show that this algebra 
is naturally isomorphic to the algebra of Berezin-Toeplitz deformation 
quantization on M. 
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2. Deformation quantizations with separation of 

variables 

Let M be a complex manifold endowed with a Poisson bivector field r) 
of type (1,1) with respect to the complex structure. We call such man- 
ifolds Kahler-Poisson. If rj is nondegenerate, M is a pseudo-Kahler 
manifold. On a coordinate chart U C M with local holomorphic co- 
ordinates {z k ,z 1 }, we write rj = ig lk -^ A J^. The condition that r\ is 
Poisson is expressed in terms of the tensor g lk as follows: 

„nm n lm _ Jhm _ „nk 

(2) g lk ± = g nk - and g lk - = g lm - 

dz k dz k dz l dz l 

The corresponding Poisson bracket on M is given locally by the formula 

ik ( d i> d ^ 



(3) {(j),ip} M = ig 



dz k dz l dz k dz l 



Deformation quantization (0) on a Kahler-Poisson manifold M is called 
a deformation quantization with separation of variables if the bidiffer- 
ential operators C r differentiate their first argument in antiholomorphic 
directions and its second argument in holomorphic ones. 

Denote by the operator of star multiplication by a function <p from 
the left and by the operator of star multiplication by a function ip 
from the right, so that L^ip = (fi-kip = R^<f). Recall that the associativity 
of the star product * is equivalent to the condition that [L^, R^] = 
for any <f),ip £ C°°(M)[v~ 1 ,v]]. 

With the assumption that the unit constant 1 is the unity of the 
star product, the condition that * is a star product with separation of 
variables can be reformulated as follows. For any local holomorphic 
function a and antiholomorphic function b the operators L a and R^ 
are the operators of pointwise multiplication by the functions a and b, 
respectively, L a = a, Rb = b. It is easy to check that 

The Laplace-Beltrami operator A given locally by the formula 

- d 2 
ik ° 



® dz k dz l 

is coordinate invariant and thus globally defined on M. 

For a given star product with separation of variables * on M there 
exists a unique formal differential operator B* on M such that 

(6) B+(ab) =b-ka 
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for any local holomorphic function a and antiholomorphic function b. 
The operator B+ is called the formal Berezin transform of the star 
product * (see [T7j). We see from Eqns. (JU) and (JHJ) that 

B it — l + fA+ 

In particular, I?* is invertible. One can recover the star product of a 
deformation quantization with separation of variables from its formal 
Berezin transform. Using B* as an equivalence operator, one can define 
a star product *' on (M, rf) as follows: 

<j ) ^'^ = B; 1 (B^^B^). 

We call the star product opposite to *' the dual star product to the 
star product * and denote it by * so that 

(fyhfj = ijj *' 0. 

It was shown in |2Hj that * defines a deformation quantization with 
separation of variables on the complex manifold M endowed with the 
opposite Poisson bivector field —rj, while the star product *' defines a 
deformation quantization with separation of variables on the manifold 
M with the opposite complex structure and the same Poisson bivector 
field r]. The formal Berezin transform of the dual star product * is B~ l 
and the star product dual to * is *. It follows from @ that 

(7) B±a = a and BJ) = b. 

In particular, B ± \ = 1. It was proved in [20] that for any local holo- 
morphic function a and antiholomorphic function b 

B*aB~ l = R a and B*bB~ l = L b . 

We call a formal differential operator A = Aq + uAi + . . . natural if 
the operator A r is of order not greater than r for any r > 0. A star 
product Q is called natural if for each r the bidifferential operator C r 
is of order not greater than r with respect to each of its arguments (see 
[To]). For a natural star product the operators Lf and Rf are natural 
for any / G C°°(M). A star product with separation of variables on a 
Kahler- Poisson manifold is natural (see [2H], [HI, arid 

Let (M, u;_i) be a pseudo-Kahler manifold. We say that a formal 
closed (1, l)-form u = + cj + za^i + • • • is a formal defor- 

mation of the form iO-\. Deformation quantizations with separation 
of variables on M are bijectively parametrized by the formal deforma- 
tions of the pseudo-Kahler form as follows. Assume that u is a 
formal deformation of the form c<j_ 1 . On a contractible coordinate chart 
U C M the formal forma; has a potential $ = (l/z/)$_i-|-$o + I/( ^ ) i + - • • 
such that L) = —idd&. There exists a unique star product on (M,U-i) 
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such that on each contractible coordinate chart U for any holomorphic 
function a and antiholomorphic function b the following formulas hold: 



Namely, the centralizer of the operators Rb and Rd§/dz l hi the algebra 
of formal differential operators on U can be identified with the algebra 
of left multiplication operators with respect to some star product * on 
U . This star product does not depend on the choice of the potential $ 
and determines a global deformation quantization with separation of 
variables on M parameterized by the formal form u. 

The star product * dual to * gives a deformation quantization with 
separation of variables on the pseudo-Kahler manifold (M, — U-i). It 
is parameterized by a formal form uj = — (l/u)u-i + G)q + vH)\ + . . .. 

A formal density p = Y2 r >n yT Pr (where n is possibly negative) is 
called a trace density of a sFar product * on M if for any functions 
0, ip € C°°(M) such that at least one of them has compact support, 
the following identity holds: 



Recall that a star product on a symplectic manifold has local deriva- 
tions of the form 5 = d/du+A, where A is a formal differential operator 
(it does not contain derivatives with respect to the formal variable v). 
They are called //-derivations. On a symplectic manifold each star 
product has formal trace densities which differ by formal constant fac- 
tors. There exists a canonical trace density p uniquely determined by 
the fo lowing two requirements (see [TTj). 

(a) The leading term of the formal series p is given by the formula 



where m is the complex dimension of M. 

(b) Given any open subset U C M with a //-derivation S of the star 
product * on it and any function / G Cq°(U), the following identity 
holds: 
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We call a formal function e C°°(M)[u 1 ,u\] invertible if it can be 
represented as 

(f) = Y^ V' ^r 

r>n 

for some integer n and with <p n nonvanishing. Locally the function cf) 
can be represented in the form 



where 

9 = n log v + 9 + vQ\ + . . . . 
Let * be the star product of the deformation quantization with separa- 
tion of variables on a pseudo-Kahler manifold (M, parameterized 
by a formal form uo. In [Tj\ we gave an explicit construction of the 
canonical trace density of the star product *. Denote by the formal 
Berezin transform of the star product *. Let U be a contractible co- 
ordinate chart and $ = (1/V)$_i + . . . a formal potential of to on U. 
There exists a potential ^ of the dual form d; expressed as 

= —77i log V - (1 /z/)$_i + * + ^1 + • • • 

and such that 

(9) ^ (£) = -S' 5 * (S) = -% and ^ ) = J t ■ 

The potential \& is determined by Eqn. uniquely up to a constant 
summand. The first two equations in ((HJ) determine ^ only up to a 
formal constant. The canonical trace density of the star product * can 
be expressed on U as follows: 

(10) /x = Ce^+^dzdz, 

where the constant factor C is uniquely determined by requirement (JEJ). 
The star products and * have the same trace densities and the 
same canonical trace density. 

3. Symbols of differential operators on a quantum line 

BUNDLE 

In this section we will relate to a pseudo-Kahler manifold M endowed 
with a pseudo-Kahler form u-i a family of associative products on the 
fibrewise polynomial functions on the tangent bundle TM. Let U be 
a contractible coordinate chart on M with holomorphic coordinates 
{z k ,z 1 }. Consider a holomorphic Hermitian line bundle L on U with 
the fibre metric | • | whose metric-preserving covariant connection has 
the curvature Such a line bundle is called 'quantum'. Let s be 
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a nonvanishing holomorphic section of L. Then $_i = — log 1 5 1 2 is a 
potential of the form cj_i so that cj_i = —idd$>-i. In coordinates, 
u;_i = —ig k fdz k A c?2 Z , where = g z f^i • The inverse matrix (g* k ) of 
(<7jy) determines a (global) Poisson bivector field r\ = ig lh ^k A and 
satisfies Eqn. (J2J). For a given positive integer N we will set 

h = jf' 

Consider the N-th tensor power L® N of the line bundle L and denote 

h 

In the trivialization of L® N determined by the section s N the metric- 
preserving covariant connection V, is as follows: 

fin v - d d * h v-- 9 

Introduce a contravariant connection V* on L® N by lifting the index 
in via the tensor hg lk : 

az l \ az K az K 

Let {r] k ,f] 1 } be the fibre coordinates on the tangent bundle TU corre- 
sponding to the base coordinates {z k ,z 1 }. For a function / = f(z,z) 
on U denote the pointwise multiplication operator by / by the same 
symbol. Introduce the following operators on the sections of L® N : 

f = f,V p = V p , rf q = V 9 ". 

We make a crucial observation that, according to Eqn. (j2J), the op- 
erators z 1 , . ._. , z m , V 1 , . . . , V m pairwise commute and the operators 
z 1 , . . . , z m , V 1 , . . . , V m pairwise commute as well. We can treat these 
commuting families as 'coordinate' and 'momentum' operators on the 
sections of L® N and define symbols of differential operators on L® N via 
the normal ordering. Denote by V r (TU) the space of fibrewise polyno- 
mial functions on the tangent bundle TU whose fibrewise degree is not 
greater than r and set V(TU) = U r V r (TU). To a fibrewise polynomial 
function 

P = ^2ui(rj) fiVi(fj) 

i 

from V(TU), where Ui and Vi are monomials in the fibre variables 
{r) k } and {fj 1 }, respectively, we relate a differential operator P on L® N 
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represented in the normal form 

P = ^2ui(rj) fiVi{rj). 

i 

The symbol-operator mappings P h- > P is a bijection of the space 
of fibrewise polynomial functions on TU onto the space of differential 
operators on the sections of the line bundle L® N . The symbol product 
will be denoted *h so that for symbols P,Q G V(TU) 

(f^Q) = PQ. 

Denote by Lp and Rp the operators of left and right multiplication 
by a symbol P with respect to the product *h, respectively. Notice 
that for functions <p, ip on U and monomials u = u(f]),v = v(fj) 

(12) <p * h ip = (pip, L u = u(r]), and R v = v(fj). 
Due to the commutation relations 

(13) [rf , /] = ~hg Ip ^ and [f}«, /] = 
where / = /(^, z) is a function on U, we get that 

(14) f* hV p = V p f + hg Ip ^ and ff * h f = ffj q + h 9 m ^- 

It follows from ()12|) and (|T4*j) that the symbols which do not depend 
on the antiholomorphic fibre variables {fj 1 } form a subalgebra of the 
algebra (V(TU),*h) which will be denoted A. Denote by Lp,Rp the 
operators of left and right multiplication by a symbol P in the algebra 
A, respectively. Similarly, B will denote the subalgebra of symbols 
which do not depend on the variables {f] k } and Lp, Rp the left and 
right multiplication operators by a symbol P in the algebra B. For a 
function / on U 

(15) Rf = f and Lf = f. 
Formulas (J12)) and (J 14)) imply that 

(16) R* = V p + h g Ip — and L% = ff + h g« k 



Let D(TU) denote the space of differential operators on TU. It has 
a decreasing filtration by the subspaces V r (TU) C V(TU) of differen- 
tial operators annihilating V r (TU). Denote by T>(TU) the completion 
of the space T>(TU) with respect to this filtration. The elements of 
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T>(TU) act on the space V(TU) as differential operators of infinite 
order. Introduce operators Jh, K h 6 V{TU) by the formulas 

/ - d 2 \ ( - d 2 

J h = exp hg lk ——— and K h = exp hg lk 



x drj k dz l J ' \ dz k dif 

Here the exponentials are given by convergent series in the topology 
determined by the filtration. 
We need the following lemma. 

Lemma 1. For any functions (fi,tp on U the operators Jh^Jj^ 1 and 
Kh^K^ 1 commute with the operator of point-wise multiplication by the 
function ip, 

[J h <t>J^A] = [K h( j>K- 1 ^]=0. 



Proof. Denote by S C T>(TU) the ring of operators of the form 

drj i 



A = A(z,z, -§-), i.e., generated by the multiplication operators by the 



functions / = f(z,z) and the derivations The inclusion 



- B 2 
BrfBz 1 



C S 



implies that J^SJ^ C S. The statement that the operators JhcfiJ^ 1 
and ip commute follows from the fact that the ring S is commutative 
and contains the multiplication operators by the functions / = f(z,z). 
The rest of the Lemma can be checked similarly. 

Notice that for a function / = f(z, z) and monomials u = u(rj),v = 
v(fj) 

(17) J h f = J h 'f = K h f = K^f = f, 
JhU = J^ l u = u, K h v = K^ l v = v. 

Using Eqns.® and one can check that 

(18) R* = JhV'Jh 1 and L% = K h f?K h \ 
Taking into account Eqns. (jl7j) and (fTHj) we get 

(19) f* h u( V )=R A f = u(R A )f = 
Jhu(v)Jh l f = Jhiuf) = J h fJ^u. 

This calculation allows to determine the operator Lf. 

Lemma 2. The operators of left and right multiplication by a function 
f = f{z,z) in the algebra (V(TU),*h) can be expressed as follows: 

Lf = JhfJn 1 and R f = K h fK h \ 
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Proof. We will prove the first formula using Eqns. ()12jl . and 
(|19|) . For a function = <p(z, z) and monomials u = u(t]),v = v(fj) we 
get, taking into account Lemma ^ and that the operator commutes 
with the operator of pointwise multiplication by v (fj), that 

/ * h (u(pv) = ((/ * h u) * h <p) * h v = 
(JhfJ^u) <pv = J h fJ^(u(pv). 

The second formula in the Lemma can be checked similarly. 
Introduce a potential Eh on U by the following formula: 



+ ^nrV + ^zrV + logs, 



( 20 ) E h- ~* < dzk -> < Q E l 

where g = det (g k i). We need to calculate a number of commutation 
relations in the algebra of differential operators on L® N . 



Lemma 3. The following formulas and commutation relations hold: 
(21) 



dz h d* h dE h d , T , d 2 m h d 



(22) 



dr)P dzP ' dzP 
dZ h d* h dE h 



hn lk 

dzP y dz k dzPdz r 



dz q ' dz« 



^ + h 9 







+ 



dz q ' " a dz l dz q dz k 
^ - hg Ik 



8z* 



dz l dz q dz k 



dr]P ,V 


= V 


dfj q,v 


= -8 l q, 


dzP ,V 




dE h q 
dz q,V 



Proof. We have 

dzP 



d , fulk 9 

OzV + ^ l ^-(hg Wl 



d 2 ^ h 



T9 P ihg lk 



d 

Ik* 



Jk 







d 


dz k ) 


dzP 


dzP 


d 


d 




dz k9pl + 


dzP 


dzP 



log g - hg 




dz k dzP 

>2,Tr_ Q 



+ 



dzP 



- hg 



dz k dzP dz l 
d 2 ^ h d 



ik 



dz k dz p dz l 



A similar calculation provides the formula for the operator from 
Eqn.(j22I)- Further, 



dzP' 9 dz l 



9 P I9 



ik 



St 
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The following calculation is based on the identity 

dg lk T m dg n 



dz'P 



-9 



urn nk 



and Eqn. 





1 V 




' d 


dzP' 


-h V 




dzP 



-hg 



tin 



dzP 



d 2 ^ h d 







^ 9 --hg^ 



dz m dz p dz 1 ' a dz 
d 2 ^ h dg nk d 



hg 



nk 



dz p dz 
dg lm d 2 ^ h 



dz m dz p dz 1 dz n 
d 



& _|_ gfikglm ®9 



+ 



0. 



dz n dz m dz p dz 1 dz p dz 1 

The rest of the Lemma can be proved by similar calculations. 

Using Lemmas |2 and we will calculate the left and right multiplica- 
tion operators with respect to the product *h for a number of symbols. 

Lemma 4. For a holomorphic function a and an antiholomorphic func- 
tion b on U the following formulas hold: 



L v p 



Lds h = 


Ld^ h 




dzP 


R«*h = 


Rd~s h 








d 


Las h 

DzP 


dzP 



+ 



d 

dr]P 
d 

drf 
dZ h 



rf, R b 



b, Rf. 



V q , 



+ 



+ 



dr]P 

dzfi 



d d~ h 
+ 



drjP 




R. 



drf ' 
dZ h 

— H =-) 

drf drf ' 

d_ dZh 
dz* dz* ' 



dz p ' "wr 

Proof. The four formulas in the first line are obvious. The formulas 
for Lgz h /driP and Lg^ h /Q^ q follow from Lemma El To prove the formula 
for Lffz h /Q Z p we will calculate first its particular case with the use of 
Eqns.JIIJ) and (JEJ): 

1 -i f dE h 1 Ik df dZ h df 
19***1 *»f= Off + ppfi9 ^k=^f+Q- p - 

It follows from Eqn. (|23p that 



(24) 



dZh 

dzP 



f 



dZh 

dzP 



f + 



df_ 

dzP' 



Consider a symbol P = u(rj)fv(rf), where u{rf) and v{rj) are monomi- 
als in the variables {r] k } and {fj 1 }, respectively. Taking into account 
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Eqn.(J2H) and Lemma El we obtain 

"«)(§/)«®+««)S"® = (i^) + I' 

whence the formula for Lgs h /d z p follows. The formula for Lg Sh /g Z q can 
be checked by similar calculations. 

Our next task is to find an explicit expression for the operator L^ q 
which is possible due to Lemmas |2 and 0] It follows from Lemma 0] 
that 

dZ h d^ h d , h d 2 m h 1 

Therefore, 

(25) Lss^ = Lta*u o \ + r] k L a2g + -L L f i. 

dzP \dzP+dzP W &9) dz^dzP h 

Assuming summation over repeated indices and taking into account 
Eqn. (fT2*|) . we may write: 

(26) L gi" L g pT = L {g^* h g pT ) = L g« p g P i = L sf = S i- 

Applying Eqn.([26j) to Eqn.()25|) we obtain an expression for the operator 

Lfjq\ 

(27) L nq = hLgqp Las^ - L(a*u g \ - rj k L d 2 9 . 

\ dzP {azP+8zP io S9) J^p J 

It can be shown that the product */, defined locally on the fibrewise 
polynomial functions on TM is coordinate invariant and determines a 
global product on V(TM) even when there is no global Hermitian line 
bundle on M with the global differential operators on it which would 
have these functions as their symbols. Denote by T>(TM)(h) the space 
of series of the form 

A = h r Ar, 

r>0 

where A r £ T>(TM) and lim^oo A r = in the topology determined 
by the filtration {T> r (TM)}. These series form an algebra. Lemma 121 
Eqns. (112)1 and (|27jl imply that for any symbol P £ V(TM) the oper- 
ator Lp is in the space T>(TM)(h) . In particular, for P, Q £ V(TM) 
the product P *h Q = LpQ is a polynomial in h, i.e., an element of 
V(TM)[h]. Thus the space V(TM)[h] is an algebra with respect to 
the product *h and the mapping P i— > Lp is a homomorphism from 
V(TM)[h] to V(TM)(h). 
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Given a local potential $_i of the pseudo-Kahler form on M, 
denote 

\1> = -$_i. 

v 

Introduce a local potential E_i on TM as follows: 

uz az l 

and set 

(28) H = -S_ 1 +log( ? = ^ + ^- I r/ fc + — fj l + log g. 
A simple check shows that the form 

is a globally defined pseudo-Kahler form on TM. The restriction of the 
form to the zero section Z of the tangent bundle TM coincides 
with the form U-\ (under the obvious identification of the zero section Z 
with the manifold M) . Thus the pseudo-Kahler manifold M is realized 
as a submanifold of the pseudo-Kahler manifold (TM, with the 
induced pseudo-Kahler structure. It is well known that the form 

(29) uj can = -iddlogg 

is globally defined on M. Denote by Q its lift to the tangent bundle 
TM and set 

v 

There exists a deformation quantization with separation of variables 
on (TM, Q-i) with the characterizing form Q. The corresponding star 
product will be denoted *. In the rest of the paper we will extend 
the star product * on TM to singular symbols supported on the zero 
section Z which can be interpreted as a reduction to a deformation 
quantization with separation of variables on M. 

Consider the 'formalization' mapping JF that replaces h with v (it 
will be used somewhat loosely). The formalizer T determines a homo- 
morphism of the algebra T>{TM) (h) to the algebra of formal differential 
operators on TM. In particular, it maps all left and right multiplica- 
tion operators with respect to the product *h from Lemma |U to the 
corresponding left and right multiplication operators with respect to 
the star product *. Thus the image of the algebra of left multiplication 
operators of the algebra (V(TM)[h],*h) with respect to T commutes 
with the operators Rb, R^i, Ras/dzi, and Rgs/dfji and therefore belongs 
to the algebra of left multiplication operators with respect to the star 
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product *. This implies that T determines a homomorphism of the 
algebra (V(TM)[h],* h ) to the star algebra (C°°(TM)[v~ 1 ,u]], *). 

The pseudo-Kahler metric corresponding to the form Q_i has the 
signature (2m, 2m), where m is the complex dimension of M. Since 
this metric is indefinite, there are no known analytic constructions of 
symbols on TM generalizing the algebraic construction given in this 
section to wider classes of symbols even if M is Kahler. 

4. Deformation quantization with separation of variables 
on the tangent bundle tm 

A number of formulas from Section El have their formal analogues 
(with h replaced by v) which can be proved directly. We list those of 
them which will be used in the sequel but give no proofs. The formal 
analogue of the first equation from (JT2*j) is that for 0, ip 6 C°°(M) 

(30) 0*^ = 0^. 

The formal analogues of the other two equations from (|12j) follow from 
the definition of deformation quantization with separation of variables. 
Denote by [•,•]* the commutator with respect to the star product *. 
The formal analogue of Eqn. (|T3*|) is as follows: 

(3D [V, = and = »»»f£. 

Formulas (j31)l can be written in an equivalent form: 



d 2 \ ( - d 2 

(33) J = exp ( vg lk and K = exp vg lk 



(32) f*rf = rff + vg l ^^^*f = f^ + vg 

Given a finction / on M (which is identified with its lift to TM), 
one can express the operators Lf and Rf in terms of the locally defined 
formal differential operators 

dr] k dz l J *" \ 3 dz k dff S ) 

as follows, 

(34) Lf = JjT 1 and R f = KfK~ l . 

Denote by the formal Berezin transform of the star product *. 
Using Eqn. (J30|) we can prove the following lemma. 

Lemma 5. Given a local function f = f(z,z) and monomials u = 
u(r)),v = v(fj), the formulas 

B*{uf) = f*u, B*(fv) = v * f, and B*(f) = f 

hold. 
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Proof. It is sufficient to prove the lemma for a function / of the form 
/ = ab, where a = a(z) is a holomorphic and b = b(z) an antiholomor- 
phic function. It follows from Eqns. © and (j30j) that 

B*{uf) = B*(uab) = b * (ua) = b * (a * u) = 
(b * a) *u = (ab) * u = f * u. 

The second formula can be proved similarly. They both imply the third 
one. 

In the rest of this section we will calculate the canonical formal trace 
density of the star product * on TM. Given a potential (|25|) of the 
formal form Q, we will show that the potential 

a n , T k , , 

a = -2m\ogv - V - — r] -— r] +\ogg 

OZ K oz l 

satisfies Eqn. JOJ) rewritten in the notations adapted to the pseudo- 
Kahler manifold TM as follows: 

B I^U-^ B (®i\=-!®L B (*L\ = _fc 
' 1 dzPj dzP' *\dr]Pj drf' * \dz* J dz*' 

f dE\ dE ( dE\ dE 

The calculations below are based on Lemma EJ The following calcula- 
tion proves the first formula: 

r> . dE\ ( d* k d 2 ^ 1 , d . 
I dz~P ) = {-dz^-V dz^ - v 9 ^ + dz^ hg9 

d 2 ^ k_}_-i^ +—\ d ^ 
dz p dz k dz p ^ 9pl dz k ^ 9 dz p 

k d 2 ^ Tk^9hi 1 -/ Tk^9pi & , dE 

V a fca v ~ v 9 7T^ ~~ ~9 P m - 9 -jr^ + j—logg = -—. 

dz K dz p dz p v y dz K dz K dz p 

The following one proves the second formula: 



n . dE \ ( d^\ d^ dE 



drf I \ dz p J dz p drf 
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The next two formulas can be proved similarly. The proof of the last 
formula in (|35|) is as follows: 

_ (\ T 1 <9* k 15* , m 

\U V OZ K V OZ l V 

Id* ,1,9* m 1 

V OZ K V OZ l V V 

1 d* k 1 Tk 19*, 1 Ffe m dS 

v oz K v v oz l v v dv 

According to Eqn. (fTUjl. the canonical trace density /x* of the star 
product * is given by the formula 

(36) /x* = A m e( =+= ) dzdzdr/dfj = —^g 2 dzdzdr]dfj, 

where A m is a constant and o^d^ = dr) 1 . . . drf^df} 1 . . . dfj m . Eventually, 
we obtain from Eqn. (JSJ) that 

( 37 ) a*. = 2m i ^ , 

which means that the star-product * is 'closed' (see jH]). The constant 
A m is thus determined by Eqns. (fHfij) and (J37|) and can be explicitly 
calculated. 



5. A fibrewise Fourier transformation 

In this section we will use the following terminology and facts. A 
generalized function is a functional on the smooth compactly supported 
densities. If E — > M is a fibre bundle then a fibrewise generalized 
function (i.e. a smooth family of generalized functions on the fibres 
of E) is a generalized function on the total space E. The action of 
a differential operator on the functions on E extends to the space of 
fibrewise generalized functions on E and to the space of all generalized 
functions on E. 

Denote by £ r the space of fibrewise generalized functions on the 
tangent bundle TM supported on the zero section of TM of order not 
greater than r and set £ = U r £ r . Consider the subspace £ u C u]\ 
consisting of the elements such that for each A 6 £ v there is an integer 
s for which A can be represented as 

A = J2 ^ A r 

r>s 

with A r G £ r ~ s for all r > s. 



18 



A.V. KARABEGOV 



Natural formal differential operators act on the space £ v . We will 
prove a more general statement. 

Lemma 6. A formal differential operator B given by the v-adically 
convergent series 

r>k 

where k is a (possibly negative) integer and B r are natural formal dif- 
ferential operators, leaves invariant the space E v . 

Proof. Given A G £ v , there is an integer / such that A can be 
represented as 

A = J2" S A S 

S>1 

with A s E £ s ~ l . Represent each natural formal differential operator Br- 
as 

B r = ^2 vt B r ,ti 
t>o 

where B r t is a differential operator of order not greater than t. Now 

B(A) = j2J2J2» r+s+tB rMs). 

r>k t>0 s>l 

Set n = r + s + t. The order of the generalized function B r ^{A s ) is 
not greater than t + s — I. The Lemma follows from the fact that 
t + s — I = n — (r + /) < n — (k + I) for any n. 

We identify the elements of the space C°°(T*M, Z) of functions on 
the formal neighborhood (T*M, Z) of the zero section Z of the cotan- 
gent bundle T*M with the formal series A = A +Ai+A 2 +. . ., where A r 
is a fibrewise homogeneous polynomial of degree r in the fibre variables 
on T*M (see the Appendix for the details on formal neighborhoods). 
Denote by V r the space of sums 

s=0 

where P s is a fibrewise homogeneous polynomial of degree s on the 
cotangent bundle T*M. The space C°°{T*M, Z)[v~ l , v\\ can be alter- 
natively described as the set of formal series of the form 

r>s 
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where s is some integer and P r G V r s for all r > s. To see it, represent 
P r as 



r-s 1 



t=0 



where P r>t is a fibrewise homogeneous polynomial of degree t in the 
fibre variables on T*M. Then F can be rewritten as an element of 
C°°(T*M, Z)[u~\ u\\ as follows: 

r>s \t=0 / r>s \i>0 

The pseudo-Kahler metric g k j on M defines a global fibrewise density 
gdrjdfj on TM, where g = det(g k f). Using this density and the natural 
pairing of TM and T*M, define a fibrewise Fourier transformation of 
the elements of the space S by the formula 

(38) A{z, z, e, I) = I e^^A{z, z, V , v)gdrjdfj. 



It is an isomorphism of S r onto V r and therefore it extends to an 
isomorphism of the space E v onto C°°(T*M, Z)^" 1 , u]]. It transfers 
the differential operators on TM to operators on T*M as follows. For 
/ = f(z, z) denote the pointwise multiplication operator by / by the 
same symbol. Then 



m n \ * * k . d _, . d d i 



V 



k; 



d i - d d d d d d 

orf v oz K oz K oz K oz l oz l oz L 

Notice that the pointwise multiplication operator by a function u(rj) 
transfers to a formal differential operator 

f> (— | 

r=0 v s 

where Y2^Lo u r is the Taylor series of the function u(rj) at the origin 
with homogeneous polynomial of degree r. 

Since the star product * on TM is natural, the left and right multi- 
plication operators La and Ra are natural for any A G C°°(TM). It 
follows from Lemma|Hlthat for A G C°° (T M)[v~ l , u]] the action of the 
operators La and Ra can be extended to the space E v . This action 
can be transferred to the space C°°(T*M, Z)[v~ l , u]] via the Fourier 



20 



A.V. KARABEGOV 



transformation (J3%|) . Denote the corresponding operators on the space 
C°°{T*M } Z)[v~ l , v\\ by L A and R A , respectively, so that for B <E E v 

T2B = L A B and Ra~B = R A B. 

Thus both E v and C°°(T*M, Z)[i/ _1 , u]] are bimodules over the star 
algebra (C°°(TM)[u~\ u]), *). 

It turns out quite surprisingly that the operators L A and R A are nat- 
urally expressed in terms of the so called 'formal symplectic groupoid 
with separation of variables' over the pseudo-Kahler M (see |20j). 
Consider the standard Poisson structure on T*M given on A,B G 
C°°(T*M) as follows: 

dA dB dB dA dA dB dB dA 
' * T * M ~ Wkd^ ~ Wkd^ + Wid^ ~ Wid^' 

There exist a Poisson and an anti- Poisson (global) morphisms S, T : 
C°°(M) — > C°°(T*M, Z), respectively, given locally by the formulas 

S(f> = e~ l ^ k9 ~a?(j) and Tip = e~ 1 ^' 9 e* 5 ^. 

These are the source and target mappings of the formal symplectic 
groupoid with separation of variables over the pseudo-Kahler manifold 
M. The images of the source and target mappings Poisson commute, 

{S<j>,TiP}T. M = 0. 

The mapping S <8> T : <fi <g> ip i— > (S<p)(Tip) extends to a Poisson isomor- 
phism 

(40) S ® T : C°°(M x M, M diag ) -> C°°(T*M, Z), 

where the factor M is endowed with the Poisson structure opposite to 
and the product MxMby the product Poisson structure (see [E|)- 
For a local holomorphic function a and antiholomorphic function b on 

M 

Sa = a and Tb = b. 

Given a function / e C°°(M) (which is identified with its lift to T*M), 
its pullback via the mapping S <E> T is the function 5/, where 5 is the 
formal analytic extension mapping (see the Appendix). To check it, it 
is sufficient to consider a function of the form 



% 
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where aj and hi are local holomorphic and antiholomorphic functions, 
respectively. Then 



(S®T)(5f) = (S®T) [6j2 a i b i 



(S ® T) ( <H <g> bi j = S{ai)T{bi) = £ 

\ i / t i 



a A = /■ 



Using the fact that the Fourier transforms of the operators J and 
given by Eqn. ()33|) are 



(41) J = exp -i£ k g lk — and AT = exp -z& 5 



we can prove the following lemma. 

Lemma 7. Given a function f on M , the Fourier transforms of the 
operators Lf and Rf are pointwise multiplication operators given by the 
formulas 

L f = S(f) andR f = T(f). 

Proof. Since the fibrewise Fourier transform of the pointwise multi- 
plication operator by / is also the multiplication operator by /, we get 
from Eqns. and (jUJ) that 

L f = JfJ- l =e- l ^ Tk ^f = Sf. 

The formula for Rf can be proved similarly. 

Given a function / on M, denote by If and rf the pullbacks of the 
operators Lf and Rf via the isomorphism (|40p. respectively. According 
to Lemma [3 

(42) If = f ® 1 and r f = 1 <g> /. 

For a Hamiltonian A G C°°(T*M) we will denote the corresponding 
Hamiltonian vector field on T*M by H A so that for 5 G C°°(T*M) 

HaB = {A, B} t *m- 

Similarly, we will denote by the Hamiltonian vector field on M 
corresponding to a Hamiltonian function <p so that 

h^ip = {(p, tp} M 

for ip G C°°(M). Our next task will be to calculate several left and 
right multiplication operators, their Fourier transforms and pullbacks 
via the mapping S <S>T. These calculations will be used in the rest of 
the paper. 
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Since L vP = rf and R^q = ff we see from Eqn. (jHHJ) that 
,A 



L^p = —iy^r = ivH z v = ivHs{ z p) = we ^Hs^e® 



(43) and 

R^q = —iv-jjg- = ivHzq = %vRt{zi) = ive~^ H.T(zq)^ ■ 

We see from Eqn. (|43|) and the fact that S ® T is a Poisson morphism 
that 

= z v <g> 1) = ii/e- 5 * (fc zP <g> 1) e 5 * 

(44) and 

r^<j = —iv [\ ® h 2 q) = —iue^ 5 ^ (1 ® h s q) e s ® . 
Formula (|28|) implies that 

, Ar . T dE d d 2 ^ k 1 , d , 9 

(45) L ^ = + ^ = ^ + + ^ + ^ log ^ + ^ 
Notice that 

i 9 <9 2 ^ d 1 9 

(46) if g(|gr) - --— - a^Q^ - -9 P i^- 

It follows from Eans. (l3T?J) . (l43J) . and (gUJ) that 
A similar calculation shows that 



(47) L M = *vH sm) + — = i ue *H s( a^e* 



Ra=^=ive ^ Hrpf at ^e^ . 
Pulling these operators back via the mapping S <8> T we obtain that 



(48) and 

res = -ive~^ ( 1 <g> e 5 *, 

where 5 is the formal analytic extension mapping. 

Given a function <j) on M, denote by A(<j>) the following function on 
TM: 

^>-£^> 

Notice that A(z k ) = f] h and A(z) = rf. There is a formal analogue 
(with h replaced by v) of long and indirect formula ()27|) for the operator 
L^q . It turns out that the Fourier transform of this operator has a nice 
expression. We will find a general formula for the operator La{4>) by 
working first with its pullback Ia{^) via the mapping S ®T. 
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Using Eqns. (jHJ), P3), and (jSIJ) we get that 
(49) 



dz k dz l 

Using Eqn. (|42j). we obtain from Eqn. ()49|) that 
(50) [Z^, ip ® 1] = zz//i ^ ® 1. 

Since the left multiplication operators commute with the right multi- 
plication operators, we see from Eqns. P^J) and (JoTty that the operator 

B(cj ) )=l m -iue- m (/^<g)l)e 5 * 

commutes with the functions ip Cg) 1 and 1 (8> t/> f° r any ^ £ C°°(M) 
and thus with the pointwise multiplication operators by the elements 
of the space C°°(M x M, Mdi ag ). Thus B((j>) is a pointwise multipli- 
cation operator itself. It follows from Eqns. (}4"4"|) and (}4"H|) that the 
multiplication operator B(<fr) commutes with the operators 



r m = -ive-^ (1 <g> h- zq ) e 5 * and r as = f 1 (8 h 

and therefore with the operators 



1 ® h S q and 1 ® ha* . 

This implies that the function B(<f)) is of the form C{<fi) ® 1. To identify 
the mapping i— » C(0) we will push forward the formula 

= ^e" 5 * <8> 1) e** + C{4>) ® 1 

via the mapping S ® T obtaining that 

(51) L AW = ^e"* (H sw ) e* + 5(C7(0)). 

The following formula can be obtained by straightforward calculations 
with the use of Eqns. (EOJ) and (EH). For 0, <0 G C°°(M) 

(52) = * Aty) + V * ^(0) - + ' 



dz k dz l dz k dz l 

Calculating La^) in two different ways using Lemma El Eqns. (JBTj) 
and (|52p we get that 

zz/e-* (fT 5W) ) e* + 5(C(^)) = iuS^e^ (H sw ) e* + 

/kon ■ wn-t/ff ^ * c( Ik ( d( l> , d ^ d( f> 
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Simplifying Eqn. (|53j) we arrive at the statement that the Hochschild 
differential of the operator C is 



and thus coincides with the Hochschild differential of the operator 
— z/A, where A is the Laplace-Beltrami operator JSJ) on M. There- 
fore 

C = -uA + D, 

where D is a derivation. To determine D, we use Eqns. ()43|) and 
flUJ). We see from Eqns. (g3|) and JHTJ) that = 0, i.e. that D 
differentiates in antiholomorphic directions only. It follows from Eqn. 
(jSU) that 

log g, 



dz k dz p 
whence 

(54) ^ = ^ + 9^^ + ^*^ 
We see from Eqns. flUJ), and ^ that 

(55) ±S fe r ) (W*tf s(z _ !)e * + 5 . 
Simplifying Eqn. (JHHj) we get that 



which means that 

D = -vg lk 



dz k dz l 

Eventually we obtain a formula for the operator L^y. 

(56) L m = ive~* (H SW ) e* - vS (a0 + /g^) 
Similarly, one can obtain a formula for the operator Ra(</>)'- 

(57) R m = ive-* (H m ) e* - vT (a0 + /*f||^) 



BEREZIN-TOEPLITZ QUANTIZATION 



25 



6. A PRODUCT ON THE SINGULAR SYMBOLS 

We want to show that there exists a natural construction of an as- 
sociative product • on the space C°°(T*M, u]] compatible with 
the bimodule structure over the star algebra (C°°(TM)[u- l ,u]],*) so 
that one can define an associative product on the direct sum 

C°°(TM) [v~ l , v\\ © C°°(T*M, Z)[u-\ v\\. 

The compatibility conditions £1X6 cLS follows. For F G C°°(TM) [v~ l , v]] 
and A, B G C°°(T*M, Z)\u~ x , u)), 

(58) (L F A) • B = L F (A» B),(R F A) • B = A»(L F B), and 

A • (R F B) = R F (A • B). 

Assume now that there exists such an associative product • on the space 
C°°(T*M, Z)[i/~ l , v]] satisfying the compatibility conditions l)58j) . We 
want to study the properties that this product must have. We iden- 
tify the functions on T*M which do not depend on the fibre variables 

& with the functions on M. Thus the space C°°(M)[u~ 1 , v]] can be 
treated clS db subspace of C°°(T*M, Z)[i/ _1 , v\\. 

Since L n k = —iv-M- and R~i = then it follows from Eqn. 

r l oik V d& ' H 

dHHJ) that for G C°°(M) [u' 1 , u]] and A G C°°{T*M, Z)^' 1 , v]] the 
product • A does not depend on the holomorphic fibre variables 
and A • (J) does not depend on the antiholomorphic fibre variables £/. 
Therefore C°°(M)[v~ l , z/]] is closed with respect to the product •. We 
will make an assumption that the algebra (C° c (M)[u~ 1 , u]], •) has a 
unity e which is an invertible formal function, 

e = ^ v r £ r , 

r>n 

where n is an integer and e n is nonvanishing. In the whole algebra 
(C°°(T*M, Z)^" 1 , u]], •) the element e will be an idempotent. Taking 
into account Eqn. (J55j) we see that for / G C foo (M)[j/ _1 , i/]] the element 
£ • (£(/)£) = (T(f)e) • e also belongs to the space C°°(M)[u~ l , v)). 
Define a linear operator Q on the space C°°(M)[i/ _1 , u]] by the formula 

(59) Q(f)e = £ .(S(f)e) = (T(f)e).e. 

Notice that Q(l) = 1. We will assume that Q is a formal differential 
operator. Define an associative product o on C 00 '(M)^ 1 , z/]] by the 
following formula. For 0, ip G C7°°(M)[i/ -1 , z/]] set 

(0o<0)e = (0e) • (#). 
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The unit constant 1 is the unity in the algebra (C 00 (M)[z/ _1 , u]], o). We 
will make a further assumption that the operation o is a star product 
on M with respect to some Poisson structure on M. The assumptions 
we have made allow us to identify this star product. Since for a local 
holomorphic function a and an antiholomorphic function b 

L a = S(a) = a and Rf, = T(b) = b, 

we see from Eqn. (158(1 that 

(a o ip)e = (as) • (ipe) — a ( £ • (4' £ )) — 0,1^ e, 

whence a o ip — aip and, similarly, <p o b = <pb. This means that the 
star product o defines a deformation quantization with separation of 
variables with respect to some Kahler- Poisson structure on M given by 
a bivector field r\ of type (1, 1) with respect to the complex structure 
on M. 

Denote by B Q the formal Berezin transform corresponding to the star 
product o so that B Q (ab) = boa, where a, b are as above. Introduce an 
equivalent star product o' on M by the formula 

(60) <Po'^ = B-\B { < j>)oB o m. 

This is the star product of a deformation quantization with separation 
of variables on the Kahler- Poisson manifold (M, 77) with the opposite 
complex structure, so that locally b o' f — bf and / o' a — af. Denote 
by 5 the opposite star product, 6 = (o') opp , so that 

(61) <boij = B^\B (ij)oB ( ( p)). 

This is the star product of a deformation quantization with separation 
of variables on (M, —rj). The star products o and 5 are dual. 

It follows from the definition (|59J1 of the operator Q and compatibility 
conditions (|5H|) that 

Q(ab)e = e • (S(ab)e) = {T{b)e) • (S(a)e) = 

{be) • (as) = (bo a)e = B (ab)e. 

Therefore Q = B Q and we obtain the following formula 

(62) e.(S(f)e) = (T(f)e).e = B (f)e, 
where / G C°°(M)[z/ _1 , u]]. Introduce a formal form 

(63) Q = —u-i+u am , 

v 

where ci; can is given by Eqn. (|2§j). Denote by * the star product of the 
deformation quantization with separation of variables on the pseudo- 
Kahler manifold (M, — ou-i) whose characterizing form is Co and by *' 
the opposite star product, = (*) opp . Let * denote the star product 
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dual to *. It is a deformation quantization with separation of variables 
on the pseudo-Kahler manifold (M, whose characterizing form will 
be denoted uj. Our goal is to show that the star products o and * must 
coincide. 

Fix a contractible coordinate chart U C M with holomorphic coor- 
dinates {z k ,z 1 }. Denote by $_i a potential of the form on U so 
that = — idd^-i and set 

The formal invertible function e can be represented on U as e = e for 
some formal function 9 = n log z/ + #o + ^$1 + ■ • •■ Set 

(64) $ = * + = + n log v + fl + + . . . 
so that £ = e* - *. We see from Eqn. (foTtj) that 

(65) Lfji = ive-*H sm a* - S ■ 

We will need the following two technical lemmas. 

Lemma 8. Given a function f = f(z, z) on the chart U , the following 
formulas hold: 



H s( - zl) S(f) = {S(z l ),S(f)} T * M = S [ -ig lk <>j 



dz k 

H s{ - zl) f = {S(z l )J} T * M = S(-zg Tk ) 
Proof. 

{S(z l ),S(f)} T * M = S({z l , f} M ) = S (-ig lk 



-I \ /' 1 o, : .Jk\ 

dz k 



dz k 



Using the first formula, we obtain 

{S(z l )J} T * M = = {S(z^z k } T * M ^ = 

o/'JfcM 9 f - or ,_a^ d f 



{S(z t ),S(z k )} T , M -^ = S(-ig L 



OZ K OZ K 

which concludes the proof. 

Lemma 9. Given local functions 0, ip on M, the following formula 
holds: 

e • (S(<f>)i/>e) = (5 O (0) o e = B {B^fity) e. 
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Proof. It is sufficient to consider the function ip of the form 

i 

where a\ and 6, are local holomorphic and antiholomorphic functions, 
respectively. Then, using Eqns. (JHOJ) and (JEH), we get that 

e • (S(<p)^e) = e • £(S(<M)T(&^) = 

i 

£ (e • S(<p ai )e) T(k) = Bobbie = 

i i 

(Bo((f> o' a*) o b t ) e = \ B (<f>) o o ftj) j £ = 

(B o (0) o ^) e = B (0 o' B- 1 ^)) £ = B a (5- 1 (^)50) e, 



which proves the Lemma. 

Since R^i = —ivdjd^i and the function e does not depend on the 
fibre variables £, £, we obtain from formulas (jfi2j) . Ij65j) . and Lemma |H1 
that for an arbitrary formal function / G C°°({7)[i/ -1 , z/]] 

= (Jfye) • 5 ( i g p if J e = e • Lfji (s (~9jifj £ 



e • iz/e ( 5 ( ~ P P r/ ) e * ) - e • s ( 9 lk ^9 v if 



y 

e . i {S(z'), S {g p if)} T . M e + e . (iS (</„-/) {S(z'), *}t-m£) - 
(66) e . S (|§/) * = " S (/'life/)) <= + 

Bo f|4 +/ s log9 V +£ .f S (/)|i e V B „^, 



dz^ y V dzP J \dzP 

We conclude from Eqn (J66|) that 

< 67) B "(i + ^-* + l0 ^') £ = - £ *( s(/) H £ l- 



Using Lemma El we obtain that 

d<S> \ 
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Formulas (jfi7j) and (|fi8|) imply that for any formal function / on U 

m (- B -'(©)^ = ^ + ^-* +k «»)- 

A calculation similar to (|66|) that starts with the observation that 
= T (~ dkqf^j £ • {Lr,ke) = R v k (t g M f \ e\ • e 

shows that 

(70) /5 ^WH^=^ + /4(-* + log 9 ). 



\dzi J J dz<i dzi 

Since — ^ + logg is a potential of the form u, it immediately follows 
from Eqn. or f7U|) and the description of the star products with 

separation of variables on a pseudo-Kahler manifold that the star prod- 
uct 5 must coincide with * and thus the star products * and o must 
coincide as well. Denote by B5, B+, and B+ the formal Berezin trans- 
forms of the star products o, *, and *, respectively. Thus we must have 
that B+ = B Q = B^ 1 = B- 1 . Setting / = 1 in Eqns. © and and 
replacing B~ x with B* we get that 

MB) = -&(-*+ l °sg) 

(71) and 

Formulas (|7T|) imply that $ must be a potential of the form u and the 
density e^^gdzdz must be a local trace density of the star product *. 
There exists a constant K m such that 

(72) — T^-i — K m gdzdz. 

ml 

Since e = e* - ' 1 ', we conclude from (|72|) that must be a global 

trace density of the star product *, which determines e up to a formal 
constant factor. We see that the assumptions made in this section 
determine what the product o and the formal function e might be. 

Now we will give an explicit definition of the product •. Denote 
by /i* the canonical formal trace density of the star product * and 
fix an arbitrary nonzero formal constant C{y). There exists a unique 
invertible formal function 

(73) £ = V T£ r 

r>n 

on M for some integer n and with e n nonvanishing such that 

(74) = C(v)eu™ v 
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We want to define an operation • on C°°(T*M, Z)[z/ _1 , z/]] such that 

(75) e • (S(/)e) = (T(/)e) • e = B*(/)e, 

as suggested by Eqn. (J52j) . Formulas (|55)l and (|75)l allow to define 
the product • on the elements of C°°(T*M, Z)[v~ x , u]\ of the form 
S{<p)T(i))e with <j>, -0 G C°°(M) [i/ -1 , i/]] as follows: 

(76) SifaTMe • S{<p 2 )T{i; 2 )e = S^B^^T^e. 

Using the method explained in the Appendix one can extend the prod- 
uct • to the whole space C°°(T*M, Z)^" 1 , u]]. One can also show 
applying the technique used in this paper that the product • satisfies 
compatibility conditions ([58)1 . Now we will prove the associativity of 
this product. 

Lemma 10. The product • is associative. 

Proof. Because of the compatibility conditions (J58j) it is sufficient to 
prove that for any functions ipi, 02 > ip2, 03 £ C°°(M) 

(T(^i)e • S^T^e) • S{(f) 3 )£ = T(Vi) • (S(<p 2 )T^ 2 )e • S{fa)e) 

or, equivalently, that 

(77) B^ l( p 2 )T^ 2 )6 • S(<p 3 )e = T(^)e • S(<p 2 )B^ 2 <f) 3 )e. 
Using Eqn. (|5H|). simplify Eqn. (|77|) as follows: 

(78) B^ l( f> 2 )T \ip 2 h)e •€ = €• S(^ 2 )B^ 2( p 3 )E. 
Setting = ipi4> 2 and ip = ip 2 (p3 rewrite Eqn. ((75)) as 

(79) BMT(*P)e •e = e* S(<j>)B*(iP)e. 

It is sufficient to prove Eqn. (|79|) for = a\i<b\ and ip — a 2 ~k'b 2 , where 
ai,a 2 are local holomorphic and b±,b 2 local antiholomorphic functions 
on M. The left-hand side of Eqn. (J79*j) takes the form 

ai6iT(^)e • e = S{a l )T{b l il))e me = S{a 1 )B i ,{b 1 i))e = 
B*{a x ) * B^bx *' = S*(oi *' 6 X *' V)e = £*(0 *' 1>)e- 

A similar calculation shows that the right-hand side of Eqn. (|79|) also 
equals i?*(0*' ip)e, which proves the Lemma. 

For any formal function / G C°"(M)[v~ l , u]] define an element Qj G 
C°°{M)[u~ l , u}} by the formula 

Qf = fe. 

Theorem 1. The mapping f \— ► is an isomorphism of the algebra 
(C°°(M) [u~ x , v]],*) onto the algebra (C°°(M) [u' 1 , u]\, •). 
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Proof. For functions (f), ip E C°°(M)[v l , u]] we have to prove that 
(80) Q^, • = Q^. 

It is sufficient to prove Eqn. (fKU|) locally for functions 0, ip of the form 
(ft = a\bi and ip = 0262, where ai,a 2 are local holomorphic and 61,62 
local antiholomorphic functions. It follows from Eqns. (p)%|) and (|73j) 
that 

• = (<t>e) • i^e) = (ai6 x e) • (a 2 fc 2 £) = (5'(oi)T(6i)e) • 
(5'(a 2 )T(6 2 )e) = S{a x ) (e • Sfaaje) T(b 2 ) = ai (B^b^e) b 2 = 
(d! * 61 -k a 2 -k b 2 ) e = ((aA) * (a 2 b 2 )) e = (4> * = Q^, 

which concludes the proof. 

Setting / = 1 in Eqn. (J75J) we see that the element e is an idempotent 
in the algebra (C°°(T*M, Z)[y-\ u]], •), 

£•6 = 6. 

For any function / G C°°(M)[z/ _1 , 1/]] we call the element of the space 
C°°(T*M, Z)[i/~ l , v]] given by Eqn. (J75J) the Toeplitz element corre- 
sponding to the function / and denote it T/. Thus 

T/ = e • (Z/e) = (5,e) • 6, 

which is analogous to the definition of a Toeplitz operator. The Toeplitz 
elements in C°°(T*M, u]] are exactly the elements which do not 

depend on the fibre variables £, £ and thus can be identified with the 
elements of C°°(M)[u~ l , v\\. 

Remark. Here we would like to give more heuristic arguments to 
corroborate the analogy between the Toeplitz operators on the sections 
of a quantum line bundle over M and the Toeplitz elements in the 
algebra (C°°(T*M, u]], •). Assume that (Af,w_i) is a compact 

Kahler manifold and L is a global quantum line bundle. The Hilbert 
structure on the sections of the N-th tensor power L® N of L is given 
by the norm || • ||^ such that 

|| c ||2 _ fl.|2 ra 
\\ s \\h — J \ s \h UJ -lJ 

where s is a section and | • \h is the Hermitian fibre metric (it is implied 
that h = 1/N). The symbol mapping P 1— *■ P constructed in Section |3] 
is involutive. Namely, the complex conjugate symbol P corresponds to 
the Hermitian conjugate operator P*. Let a = fk(z,z)dz h be a global 
differential form of type (1, 0) on M. Then f^r] k is a global function on 
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TM. Consider the global symbol 

P = Jh(fkV k ) = fkV k + hg Ik ^ = f k * h v k 
on TM. The corresponding global differential operator 

P = f k V k = V a 

annihilates the holomorphic sections of L® N . The range of the conju- 
gate operator P* with the symbol P = ff *h fi, given by the formula 

P*=Vof h 

is orthogonal to the space of holomorphic sections of L® N (here o de- 
notes composition of operators). Thus, for any Toeplitz operator T[ N \ 

PT^ N) = T^P* = 
This statement has an obvious analogue for the Toeplitz elements, 

^ J fk*v k '^-4> = Pfi 1 *;^^ = 0) 

which is equivalent to the fact that the Toeplitz elements do not depend 
on the fibre variables £, £. 
Theorem^ has the following 

Corollary 1. The mapping f i— > Tf induces an isomorphism of the al- 
gebra (C°°{M)[v- 1 ,!/]],★') onto the algebra (C°° {M)[v~ l of Toep- 
litz elements. 

Proof. For a function / G C 00 (M)[z/~ 1 , v]] we have from Eqn. (J7H|) 
that 

T, = B*(f)e = Q BAf) . 

The statement of the Corollary follows from the fact that the formal 
Berezin transform B+ is an equivalence operator for the deformation 
quantizations corresponding to the star products * and 

As it was shown in [21], the Berezin- Toeplitz star product on a Kahler 
manifold (M, u;_i) coincides with the star product *' whose opposite 
star product * determines the deformation quantization with separation 
of variables on (M, —oJ-\) with the characterizing form uj given by Eqn. 
(jB3J). Thus the construction presented in this paper can be thought of 
as a formal model of Berezin- Toeplitz quantization. This construction 
remains valid for any invertible formal constant C(u) in the definition 
of the idempotent e given by Eqn. (|74p. In the rest of the section we 
will show that there is a natural normalization of e which determines 
it uniquely. 
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Given a formal function / G C°°(M)[v~ 1 , u]], one can define an ele- 
ment Ej G £ v by the following local formula 

E, = f^S( V )5(fj), 



where S(rj)S(fj) is the delta-function at the origin 77 = fj = so that 

8(r])5(fj)dr]dfj = 1. 

The fibrewise Fourier transform (J38j) of the element E/ is 

E/ = /£ = Q/- 



/ 



Therefore, according to Theorem Q the mapping / i— ► E^ is a homo- 
morphism of the algebra (C 00 (M)[z/ _1 , f]],*) to the space £ u endowed 
with the pullback of the product • via the Fourier transformation (J38|) . 
If / has a compact support, then, using Eqns. (J37|) . (f72J) . and 

(|74|) . we can pair the generalized function E/ with the canonical trace 
density //* of the star product * as follows: 



(81) (E/, fi#) = / /epcfed* = 2m Am , / /so;- = 
z^ m y v Zm K m m\ J 

ft**- 



v 2m K m m\C{v) 

We see from Eqn. (18 1|) that if the formal constant C(V) is set to be 
then 



U 2m K, m Tn\ 



(E/,/i*) = J f 



which means that the canonical trace density \x* on TM induces the 
canonical trace density /i* on M via the mapping / i— > E/. Taking into 
account Eqns. (jSJ) and (J75J) and equating the leading terms on the both 
sides of Eqn. (|T4"j) we see that 



1 m ^ m j.n m 



z/'"m! " u 2m K m ml 
whence it follows that n = m and 
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7. Appendix 

Let N be a submanifold of a manifold M and X be the ideal of smooth 
functions on M vanishing on N. We call C°°(M, N) = C°° (M) / (f] r T) 
the space of functions on the formal neighborhood (M, N) of the sub- 
manifold N in M. Assume that M is a complex manifold and M is 
the same manifold with the opposite complex structure. Take a local 
chart U with holomorphic coordinates {z k ,z 1 } on M and its copy U 
with coordinates {w k , w 1 }. We will cover the diagonal M diag of M x M 
by the Cartesian squares U X U so that on the diagonal z fc = w k and 
^ = w . There is a mapping 

5 : C°°(M) -> C°°(M x M, M diag ) 

that maps a function /(z, on M to its formal analytic extension 
$f = f( z ^) on (M x M, M diag ) which is a unique solution of the 
equation 

(d z + d w )(5f) = 

with the initial condition 

S f\ M dlag = /■ 

Given functions 0, t/> G C°°(M), we will denote by both a function 
onMxM and the corresponding element in C°°(M x M, Mdi ag ) which 
will be called factorizable. Let A be a differential operator on M. In 
this Appendix we will explain how to extend the bilinear operation 

(82) (0! ® Vl, 02 ® ^ 2 ) >-> (</>! ® ^2) • 5(A(^10 2 )) 

from the (linear combinations of) factorizable elements to the whole 
space C°°(M x M,M diag ). A local model of C°°(M x M, M diag ) on a 
chart U x U can be given in the coordinates z ,z 1 ,t = w k — z k ,f l = 
w l — z l as 

(83) C~(C/)[[r,f]], 

where r fc , f are treated as formal variables. Using this model one can 
introduce the operation 

(84) F(z,z,w,w) ^ F\ w=z = F(z, z, z, w) 

on C°°(M x M, M diag ) by setting r = in the formal series representing 
F in JS3J). Operation (|5^jl is the extention of the operation 

0® i> ^ (0® 1) • <J(v>) 

from the factorizable elements to the whole C°°(M x M, M d ; ag ). Simi- 
larly, one can introduce the operation 
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on C°°(M x M, Mdiag) which extends the operation 

from the factorizable elements. 

Denote by B the bidifferential operator on M such that 

B{<P^) = A{ct>^). 

In local coordinates 

B(M) = B kLp q(z,M)[(J^ (J^ <f>(z,z) 

d\ P fd\ Q 




dz J \dz 

Here we assume that, say, K = (ki, . . . , k m ) and 

{ d\ K f d\ kl ( d 



- 



\dz J ydz 1 J \dz ri 

where m is the complex dimension of M. Now, operation (|82|) can be 
extended to the space C°°(M x M, M diag ) as follows: 



{F 1 ,F 2 )^B KlpQ {z,w) ((- 



o \ K / rv \ L 

a \ i a 



dw J V dw 




Fx(z,z,w,w) 
Q 

F 2 (z,z 1 w,w 
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